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Introduction 


One of the important problems of complex analysis is holomorphic extension of integrable functions defined on the boundary 
of a domain D Cc C", n > 1. Of particular interest is the question of integrable functions with one-dimensional holomorphic 
extension property along complex lines. On the complex plane C the problem of one-dimensional holomorphic extension is trivial. 
So results in this area are essential multidimensional. 

The first results concerning this area are due to M. L. Agranovskii and P.E. Val’skii [3], who have studied functions with the 
one-dimensional holomorphic extension property on a ball. This investigation was based on properties of the group of automorphisms 
of sphere. 

E. L. Stout in [29], using a complex Radon transformation, adopted Agranovskii—Val’skii Theorem to an arbitrary bounded 
domain with smooth boundary. An alternative proof of Stout’s Theorem was given by A.M. Kytmanov in [2], who applied the 
Bochner—Martinelli Theorem. The idea of using the integral representations (Bochner—Martinelli, Cauchy—Fantappie, logarithmic 
residue) has been useful in the study of functions with one-dimensional holomorphic continuation property (see review [16]). 

The question of finding several families of complex lines which suffice for for holomorphic extension was raised in [12]. 
Clearly, the family of complex lines passing through one point is not enough. As shown in [17], the family of complex lines passing 
through a finite number of points also, generally speaking, is not sufficient. 

In [17] it was proved that the family of complex lines crossing the germ of a generic manifold y, is sufficient for the 
holomorphic extension. In [18] the authors considered continuous functions given on the boundary of a bounded domain D in C”, 
n > 1, with the one-dimensional holomorphic extension property along families of complex lines. Also studied was the existence of 
holomorphic extensions of these functions to D depending on the dimension and location of the families of complex lines. Various 
another families and related problems were studied by many authours [4-7,13]. We note that in papers [5,13] it was shown that a 
family of complex lines passing through a finite set of points in general position sufficient for holomorphic extension. But it was 
proved only for real-analytic or infinitely differentiable functions defined on the boundary. In [8,14] were shown that for holomorphic 
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extension of continuous functions it suffices to take a family of complex lines passing through n + 1 points lying at the interior of 
ball. Another proof of this result based on applications of integral representation was given in [19, 20]. In [24-26] were considered 
sufficient conditions for holomorphic extension of integrable functions for a family of complex lines passing through open subset 
lying in a domain D. 

The example of Globevnik [13] shows that for continuous functions on the boundary of ball in C? two points is not enough for 
holomorphic extension. In the paper [21] was considered continuous functions given on the boundary of a ball B of C", n > 1, having 
one-dimensional property of holomorphic extension along the families of complex lines, passing through finite number of points of 
D. 

In this paper we generalize this result for integrable functions. In Section 2 we consider the Szeg6é kernel in n-circular domains. 
In Sections 3 and 4 we consider the Poisson kernel and modified Poisson kernel on n-circular domains. In Section 5 we will consider 
integrable functions given on the boundary of n-circular domain D Cc C€",n > 1 and having one-dimensional property of holomorphic 
extension along the families of complex lines, passing through finite number of points of D. We prove the existence of holomorphic 
extension of such functions in the domain D (see Theorem 5.10). 


1.The Szeg6 kernel on n-circular domains 

Let D be a bounded complete n-circular domain in C” with the center at the origin, that is, together with a point z° = 

(z?, ...,Z2) € D it contains a polydisc 
Zec™ |z.| = [20 |, = 1st}. 
Denote by Dt = {(|z,|,...,1Z,|): z € D} the image of a domain D in the absolute octant 
Ri = {%, Xn): [Xz | = 0, K = 1,...,n}. 

Let OD* = {((z,|,..., |Z, |): z € AD}. 

Consider a finite measure 1 on 0D*. A measure yz is said to be massive on the Shilov boundary [2, Page 76] if for any subset 
E c @D* with a zero measure pu satisfied a condition 0D*\E > S(D*), where S(D*) is the image of the Shilov boundary S(D) in 
the absolute octant. 

Further we need the following result from [11, Section 3.1]. 

Proposition 2.1. [f D is a strongly pseudoconvex n-circular domain (i.e., strictly logarithmically convex) then the Shilov 
boundary S(D) coincides with boundary of the domain. 

Proposition 2.1 implies that the Lebesgue measure y on the boundary of such domain is massive. From now on we shall assume 
that 2 is a massive measure. 

Define the Szeg6 kernel of domain D: 


h@,z) = Lazo Ga $2", (2.1) 
where 
1 1 
a, = ———————-—-( | ro—_——_— 
F dage GPO de Sag Gal? sc? Pde 
and a = {@,...,@} is a multi-index such that a > 0 (ie., a, = 0, k =1,...,n) and 2% = zit +z", a l= ay te + 


Recall a definition of a class H? (D). A holomorphic function f € H?(D) (p > 0), if 
p 
“uP | lf(Z - ev(Z))| do < +00, 
E> 
dD 


where do is an element of the surface 0D and v({) is the outer unit normal vector to the surface OD at the point @. It is well- 
known that normal boundary values of f € H?(D) belong to the class L? (OD) (with respect to the measure do). 

The following result gives us the existence of the Szegé kernels on the n-circular domains. 

Theorem 2.2. Let u be a finite measure on 0D*. For any function f € He? (D), (p = 1) there exists a Szegé representation 


= d¢é 
f@) = lim Gaye Sons EH Saye FONG rz), 2D, (2.2) 
where Aj, = (0: 6 = |¢,le™, ....0n = Gale", 0 < 0, < 2n, k =1,...,n, [Z| € aD*}, S abe ae and the Szego 


kernel h(Z,z) = h(Q,24, ©) GpZn) as a function of § lie in O(D) for fixed z € D, and as a function - lie in O(D) for fixed f € OD, 
if and only if a measure [ is massive. 

This Theorem was proved for continuous functions in [2] and for functions from the class H?, it is obtained by approximation 
of f(z) by functions f(r7) when r > 1 — 0,r < 1, with respect to the metric of H?. 

So, by Theorem 2.2 the series (2.1) converges absolutely for @ € D and z € D and uniformly for @ € D and z € K, where K 
is an arbitrary compact subset in D. 
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Clearly 0D = Ujzjcap+ Az). The following property of the Szeg6 kernel is evident: 
h(,z) = h(¢,Z) = h(z,¢). 
2.The Poisson kernel on n-circular domains 
Let us recall the Poisson kernel 


A(,z)h,z) _ |h(¢,z)|? 
C2) = 
h(Z,z) h(Z,z) 
Note that the kernel P(¢, z) is defined for ((, z) € D x D, because h(z,z) > 0. 


Proposition 3.1. If f € H?(D) (p = 1), . following formula is true 
fa) =limars fan [P@rGras, zed. 


apt Aiz| 
The proof follows from the form of the Poisson kernel and Theorem 2.2. 
Lemma 3.2. Consider the Szegé kernel at § = z 
AZ, Z) = Lazo Ga |z|** > 0 
in D. Then h(Z,z) > 0, when z > OD. 
Suppose that a domain D satisfied the following property (A): 
h(¢,rz) is uniformly bounded in z outside any neighborhood of ¢ for (,z € @D and #z,r > 1. 
Theorem 3.3. Let D be a es with the property (A) and f € L?(@D). Then the Poisson integral 


F(z) = PLAI@ = lima Syp deS,,, f CPC, 72) S 


Tol on [4] 

is a real-analytic function on D and its values on the boundary with respect to the metric L? coincides with f on OD. 

Proof. Real-analyticity of F(z) follows from the real-analyticity of the Szegé and Poisson kernels. By condition (A) and 
Lemma 3.2 we obtain that P(Z, rz) uniformly converges to zero outside any neighborhood’s at the point ¢ for @,z € 0D, ¢ # z and 
r > 1. Besides P(@,z) > 0 and P[1](¢) = 1. Hence the Poisson kernel P(,z) approximate identity [28, Page 49], where df = 
di, A...Adl,, AC[k] = dd, A.A Aly NA AGy44 A A dG. The proof is complete. 0 


3.The modified Poisson kernel 


Consider the following differential form 


w=cy (1G, deel a, 
k=1 


(n-1)! 

(2ni)™ 

Let us find the restriction of this form on boundary 0D of the domain 
D={zeEC": p(|z,|7,...,|Z,17) < 0}, 


where c = 


Rr Gir 
where p(z) is a twice smooth function and 27 adr = a NeO on ap. 
"2, (z, 
Denote |z, |? = t,, k = 1,...,n. Then 


gradr = a... a dr Z Zi mr) 
al Tt, 
The function p can be choose such that |gradp||gp = 1. Let v = w|ap, and in this case it is not hard to check that (see for 
example [15, Lemma 3.5]), 


Ky = 


where do is the Lebesgue measure on 0D. Ina 
defined by the form 


ase of n-circular domain we have do = do, - do’, where do’ is a measure 


1 ie a an 
(2ni)” Go Sn ; 


and do, is the Lebesque measure on 0D*. Hence 
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n 


0p ‘ 
v=c } t, =— do,:do'. 
k=1 
Set 


dp 
w=cyRey tk oe, do,.. (4.1) 
Lemma 4.1. [f D is a complete n-circular domain, then yt is a measure on OD*. 


The proof can be find in [22, Page 292]. 


Corollary 4.2. If D is a complete strongly pseudoconvex n-circular domain, then pis a massive measure on 0D*. 
Consider the modified Poisson kernel 


h(@,z)h(Z, 
aga) aNGOMGW) 


Then for w = @ we get Q(¢,z,Z) = P(€,z) and h(Z, z) > 0. Therefore there exists a neighboard U of the diagonal w = Z in 
D, X D,, such that h(w, z) # 0. 
Consider a function 


(z,w) =e i f OQ, z,w)dv = 
0D 


d 
=c [au [ roow2m)S, (z,w) €D xD. 


opt Ag 


This function is holomorphic in the variables (z,w) € U, and for w = Z function @(z, w) = F(z) and 


1*FGw))  _ I 8F@) mS 
an aoe eiz* 
where 
0°+’ b(z, w) Qo1tt6ntV1+"-Yn@(z, w) 
dz° dwY ~ az8t 2°" Aw! awn’ 
aot’ F(z) Qo1t--+OntV1+"-Yn F(z) 
Az® azY ~ az... azo" aztt ... agin’ 


and 6 = (6,,...,6n),¥ = Vy) 1 Mn) 

Let ( = bt, b € CP”"?. As it was proved in [16] (see below also [15, Section 15]) 

w =c=AAa(b), (4.3) 

where A(b) is the differential form of type (n — 1,n — 1) independent of t. 

From now on we shall assume the existence of the direction b° # 0 such that 

(b°,0)#0 JED. (4.4) 

Denote by Ig the set of all complex lines of the form 

bpp ={(C EC": (, = 7, + dt, j =1,...,n, t € Ch, (4.5) 

passing through a point $z\in\warGammas$ in the direction of vector b € CP"~ (the direction b is defined up to multiplication 
to a complex number A # 0). 

By Sard’s Theorem for almost all points z € C” and for a fixed point b € CP"~* the intersection £,,, M AD consists a finite 
number of piecewise-smooth curves (beyond degenerate case when 0D Nf, = Q). 

It is known that if f € L?(@D), p = 1, then for almost all z € D and almost all b € CP"~? the function f € £L?(@D N cs) 
(see [24]). 

We will say that a function f € £?(0D) has the one-dimensional holomorphic extension property along the family 


l eb O Lg of the form (4.5), if for almost all lines £,, such that 0D N £,,, # @ there exists a function f, with properties 


L.fp €EH?(DN£,p), 
2.normal boundary values by the metric H? of function f) coincides with f on 0D N £,, almost everywhere. 
Consider the Bochner—Martinelli kernel 
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UG,2) = oye ryt A agTkd ad, 


where df = d@, A...A d@,, and d@[k] gets from dé are the differential dZ,. 
For a function f € £°(0D) define the Bochner—Martinelli integral by the following way 
F@)= Sip, f QUG2), 2 € AD. (4.6) 


A function F(z) is harmonic outside of the boundary of domain and tends to zero when |z| > 00. 

A subset £2; is said to be sufficient for holomorphic extension, if the function f € L?(@D) has the one-dimensional 
holomorphic extension property along almost all complex lines from a family 2,, and then the function f extends holomorphically to 
D and belong the class H?. 

From now on without loss of generality we assume that 0 € D. 

Theorem 4.3. Let D be a bounded strongly convex n-circular domain and a function f € £L° (AD) has the one-dimensional 


dp ( 
Z,W) 
holomorphic extension property along complex lines passing through the origin. Then ®(0, w) = const and ia aw) isa 


d 
| “ z= 0 
polynomial in w of degree not higher than \l 6 \l. 
Proof. Let £9, be the line passing through the origin in the direction of a vector b € CP"~*. Consider 
h(bt,z)h(bt, w) 


Q (bt, Z, w) = iG a 
Then 
h(bE,z) = Lazo Gq (bz) Ee" 4) 
and h(0,0) = h(Z,0) = ao. Thus 
h(Z, 0)A(Z, 0 
(0,0) = J RGD) y - 
= TaD 0) [room O)ACG, 0) dv = 
- OD) Ate) i h (bi, 0)h(ot, 29 dt 
ADNlo,b role 
cag flee pes 
a all = dt =ca oJ as —_ ¢ 


Let us consider derivatives 
ao’ D(z, w) Qo1t+8ntV1+"-Yn@(z, w) 
dz®OwY Az? «6 z°" AwY? «Aw! 
where 6 = (64,...,6n), Y = (Wy) +) Yn). We have 
a’ &(0,w) d’Q(¢, 0,w) 
[rot 


a=D 
ovh ovh 
2 FOS So) v= [ro aug 
Now compute 
avh(é, 
anew = Ae duyh we”; 


a-y20 
where d, , are constants. Then for w = 0 we get 


q &h(z,w) 
a B48 
qw* w=0 
Thus we obtain that 
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& 
TOM) se p Op fbtad, bill = 0 
we =o 1D3ly “ty . 
for || y I> 0. This means that @(0, w) = const. 
Compute 
d+ g oo dn(> § _ 
{RE HW] _ MED) MEW] ry Fagg ot 
qzqws e=0 {z? qw? e=0 
where 6! = 6,! +... O;!, vy! = yy! +. Y_!. Then 
1 O22w)] _ Haz newy) _ SX mae ee 
——— = Se =e ‘= z , 
Tews a0 qqIw8 c=0 gal 


because by substituting z = 0 and w = 0 in derivatives, we can see that derivatives in z and w with different order are equal 
to zero. 
Let II 6 II<Il y ll. Then from (4.3) and (4.8) we get that 


qo eF(zw)| = 9 8O(z,z,w) 
anes Me CT ia ; ; dn = 
Tg TOE Te 
N N 5 ‘ 
=ce Cp fer *2* “dn =ce C, t LO fone “Me “ly = 
k=l qp k=1 (D3l, a 
. ~|a- ef | fo- otf 1 
=ceC, 7 lOypfonr ° 1 di = 


k=1 {D3h, log 


N 
=Cye Cy, p 1Op sory! “Far =0 


k=1 {D3h, is 


q“F(z,w) 


d 
{z z=0 


because the intersection of D and £9, is a disc. So, derivatives are polynomials in w of degree not higher 


than || 6 ||. The proof is complete. O 

For continuous functions Theorem 4.3 was proved in [21]. 

4.Main results 

Let us first construct a map = y(n): B > D, where B is the unit ball in C” with the center at the origin, mapping the origin 
to a point a € D. The map yx will be construct by the following way: 

Consider complex lines A, = {n € C": n = bt, t € C} and f,, = {7 € C": € =a + bt, t € C}, where b € CP™*. The 
intersection Dg, = fg,» M D isa strongly convex domain in C, and therefore there exists a conformal map 7; (tT) of unit ball in C into 
Dap, sending the point t = 0 to the point t = 0. By Caratheodory’s Theorem [27, Page 228] this map can be extended to the 
homeomorphism of closed domains. Then to the point 7 = bt € DN A, we put the point y(7) = a + by, (Tt) € Day. We will use 
Lemmata 3 and 4 from [21]. 

Lemma 5.1. Let D be a bounded strongly convex n-circular domain. Then the map x(n) is a well defined diffeomorphism 
from B onto D in the class C1. 

From now on we assume that D is a bounded strongly convex n-circular domain with twice smooth boundary. 

Lemma 5.2. The derivatives of x(n) is holomorphic in t for fixed b. 


© 2023, CAJMTCS | CENTRAL ASIAN STUDIES www.centralasianstudies.org ISSN: 2660-5309 | 22 


CENTRAL ASIAN JOURNAL OF MATHEMATICAL THEORY AND COMPUTER SCIENCES __ Vol: 04 Issue: 07 | July 2023 


Lemma 5.3. Let f € £?(0D) be a function with the one-dimensional holomorphic extension property along almost all 
complex lines passing through the point a € D. Then the function f*(n) = f(x(@)) € £?(@B) and it has the one-dimensional 
holomorphic extension property along almost all complex lines passing from the origin. 


Proof. Consider a holomorphic extension f,,(¢) of the function f on D,,. Then the function ff (7) = fa» (p(t) is 
holomorphic in tT in B N A, by the construction of 7(7). The proof is complete. O 
Making the change in the integral for a function ®, we get 


(2,w) = | FOG nwave@) = 
0D 
= [FoMeemznaGa@) = [roca ara). 
OB OB 


Consider the following form 


oC) = ox) = VDE Ze dzODUE A den). 
k=1 


By Lemma 5.2 the form dy(bt) is a holomorphic function in t for fixed b, and the form dy(bt)[K] is antiholomorphic in t 
for fixed b. 


Lemma 5.4. Forms dx(bt)|j;)=1, k = 1,...,n are forms with holomorphic coefficients in T. 


Proof. Since a function 7, (bt) is conformal in t for fixed b, it follows that its derivative in T does not equal zero. Then a 
function 7, (bt) is antiholomorphic in t for fixed b and 


Ye(bt) = THy(bt), Wy(bT)| =o ¥ O. 


—~ 1 
For |t| = 1 we have T = = and therefore 


1— I = 1 1 
Xx (bT)||c\=1 = 7 x (bt) = = Vx (br) = 7 eK (6 -) 


Therefore the right side has a pole of the first order in t = 0. Then the form d¥;,(bT)|j,;\=1 coincides with a form with 
holomorphic coefficients at t. The proof is complete. O 


Lemma 5.5. Let f € £L?(0D) be a function with the one-dimensional holomorphic extension property along complex lines 
passing through point a € D. Then 


q °F (z,w) _ 0 
qws meee 
for\ly \l> 0. 
Proof. Consider a derivative 
SF(z,w ‘ 80"(h,z,w) " os _ 
TRG) 8 py Le) 6 CO pF laade(ide()| = 
we tna 4B i k=l wea 
‘ 80"(bt,z,w) ” jd. 2. el 
= op pf ry Ee) 6 © ye ty @ hace Dike wr) 
(B31, 1, w* bl : ; ’ waa 
We have 
b 
| h(c(h),w) = e aaca* 
qw? == as 


bi 0 
a- b|No 
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where dg are constants. Then 


VQ" 2W)) = aca gy AE nw) : 
qwé em ne Pa a eT w) 
WA(z.w) yf * PAG.) 
w? -b 
=h(fi,a) @ ¢, ae = 
O] bl g “TF (z,w) 
z= a 
_ _ h(a) - VAGw) gh “hov,a) 
per aaa bl g : qw? qwe? ae 
a 
Therefore the right side of Few) is a linear combination of forms 
qw® Ww=a 


b b 
T prone, a) 1 Bes.) gi" “how2) 
qB3l,1 ‘ {]w qwé - 


r @ (- DH 1y,¢ “de” > yee or). 
k=1 


Since by Lemma 5.4 the form dy(btT)||,;=, has holomorphic coefficients in t and f is a function with the one-dimensional 


holomorphic extension property along complex lines passing through point a € D we have 


g-b 
T TS “(bt)- tne. a) e a,d,b* tea” b qa 
” Ww=a 
(B31, 1, fc "a 


re waa ye de? » yee (r) = 0. 
k=1 
for || y I> 0. The proof is complete. O 
Corollary 5.6. Under the hypotheses of Lemma 5.5 the function ®(a,w) = const. 


Theorem 5.7. Let D be acomplete strongly convex n-circular domain with the twice smooth boundary and let f () € £°(0D), 
a,c € D. Suppose that the function ®(z, w) satisfied the conditions: ®(a,w) = const, P(c, w) = const, and aoe aw are 


polynomials in w of degree not higher than || @ ||. Then for any fixed point Z on the complex plane ?a, = ne w): z=at+ 


4 
eee) — gat lly I> 0. 


ci —t),w=at+c(1—t), t € C} the equality ®(z, w) = const in w, ie., Sa 


The proof of this Theorem repeated the proof of Theorem 3 from [22]. 
8 Zz 
Corollary 5.8. Under the hypotheses of Theorem 5.7 the equality TF) = OQ holds if \y \I> 0. 
78 
12 z=att+(1- t)c 


Theorem 5.9. Let n = 2 and let f € L?(AD) be a function with one-dimensional holomorphic extension property along a 
0’ @(z,w) 


sak = 0 for every z € D and || y \|> 0, and 


family of lines 2q.-q and let points a,c,d € D do not lie on complex line in C*. Then 


hence a function f extends holomorphic in D and an extension lies in H?. 
Proof. Let Z be an arbitrary point from ?,,. By Theorem 5.7 we obtain that 


aYo(Zw) _ 
eo 0 (5.1) 
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for ll y I> 0. We connect point Z with the point d by a line £3 4 and again applying Theorem 5.7 for a point ze? za» We get 


Vols 
that wow) = 0 for |l y I> 0. Therefore for any point Z from some open subset the condition (5.1) holds. 
y 
Now putting in equality (5.1) w = Z and using equality (4.2), we obtain that a“ = 0 in some open subset in D. According 


OF(z) 
az; 
F(Q)|ap = f @), the function f(¢) is holomorphic in D. The proof is complete. O 
Denote by U the set of points a, € D C C", k = 1,...,n +1, do not lie on complex hyperplane in C”. 
The following is the main result of this paper. 


Theorem 5.10. Let f € £°(0D) has the one-dimensional holomorphic extension property along a family of lines &y. Then 
0’ &(z,w) 
OwY 


to analyticity of the function F(z) we imply that = 0 for all z € D and j € {1,...,n}. Since by Theorem 3.3 the equality 


= 0 forall z € D and \| y \|> 0, Moreover, a function f extends holomorphically in D and an extension lie in the class H®. 


Proof. The proof is by induction on n. The basis of induction is Theorem 5.9 (n = 2). Suppose that for any k < n Theorem 
is true. Consider a complex plane I’, passing through points Qj, ...,@,, its dimension isn — 1 and a,,, ¢ I’. The intersection ’ N D 


is a strongly convex domain in C"~1. Now the restriction f |p,ap of f is integrable and has the one-dimensional holomorphic extension 
F j 2 : 3 aYe(zi, 
property along a family of lines &y,, where WU, = {dj, ...,A,}. By the assumption of induction we have ne) 


and for all z’ Er nD. 


= 0 for ly II>0 


0’ @(z,w) 
OwY 
for all ll y I> 0. Thus, analogously to Theorem 5.9, we have that F(z) is holomorphic in D, and therefore a function f extends 


holomorphically in D. The proof is complete. O 


Now connecting points z’ € I’ with the point a,,,, by Theorem 5.9, we get that = 0 for some open subset in D x D 


We discuss a general result of holomorphic extension of areal analytic function f defined on the boundary 0D of areal analytic 
strictly convex subset D Cc C". We show that this follows from the hypothesis of separate holomorphic extension along 
stationary/extremal discs. 

We show that moments on vertical and horizontal affine slices of certain perturbations of the boundary of the ball are sufficient 
to detect the existence of a holomorphic extension to the interior. For one domain, the result is proved for L® functions. 
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